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ABSTRACT
In this work we compute the radiative corrections to the Higgs mass and the
Higgs quartic couplings coming from the Higgs sector itself and the scalar
fields φ in the Littlest Higgs (LH) model. The restrictions that the new con-
tributions set on the parameter space of the models are also discussed. Finally
this work, together with our three previous papers, complete our program
addressed to compute the relevant contributions to the Higgs low-energy ef-
fective potential in the LH model and the analysis of their phenomenological
consequences.
1 Introduction
The discovery of a Higgs boson and the elucidation of the mechanism respon-
sible for the electroweak symmetry breaking are some of the major goals of
present and future searches in particle physics. Because of the precise data
obtained for a long time to test the Standard Model (SM) of particle in-
teractions, and the recent measurements of the W and the top masses at
the Fermilab Tevatron [1], the SM has been confirmed as the right model
describing the electroweak phenomena at the current experimental energy
scale. However, the origin of the electroweak symmetry breaking, for which
the Higgs boson is responsible in the SM, remains elusive. The quadratically
divergent contributions to the Higgs mass and the electroweak precision ob-
servables imply different scales for physics beyond the SM, being the first
one below 1 TeV and the second one above 10 TeV. This is the so called
little hierarchy problem. As it is well known the mass of the Higgs boson
receives one-loop corrections that are quadratic in the loop momenta. The
largest contributions come from the top quark loop, with smaller corrections
coming from loops of the electroweak gauge bosons and of the Higgs boson
itself. Cancellations between the top sector and other sectors must occur in
order to have the Higgs mass lighter than 200 GeV as expected from the
electroweak precision test of the SM, which requires a fine-tuning of one part
in 100. As this situation is quite unnatural various theories and models have
been designed to solve this problem.
An interesting attempt to deal with it is the so called Littlest Higgs model
(LH) [2], inspired in an old suggestion by Georgi and Pais [3], which tries
to solve the little hierarchy problem by adding new particles with masses
O(TeV) and symmetries which protect the Higgs mass from those danger-
ous quadratically divergent contributions (see [4] and [5] for reviews). These
particles include the Goldstone bosons (GB) corresponding to a global spon-
taneous symmetry breaking (SSB) from the SU(5) to the SO(5) group,
a new third generation vector quark called T and the gauge bosons corre-
sponding to an additional gauge group which contains at least a SU(2)R
and eventually a new hypercharge U(1) . In this case, and contrary to the
supersymmetric theories, cancellation occurs between same-statistics parti-
cles. However, LH models typically leave uncanceled logarithmic divergencies
which requires additional new contributions at some higher scale to preserve
a small Higgs boson mass. Many of such models with different theory space
have been constructed [2, 6], and electroweak precision constraints on vari-
1
ous little Higgs models have been investigated by performing global fits to
the precision data [7–11]. The existence of the different new states in these
models could give rise to a very rich phenomenology, which could be probed
at the CERN Large Hadron Collider (LHC) [12, 13].
Nevertheless, it is clear that any viable model has to fulfill the basic
requirement of reproducing the SM model at low energies. In particular,
from the LH model it is possible in principle to compute the Higgs low-
energy effective potential and then, by comparing with the SM potential,
to obtain their phenomenological consequences including new restrictions on
the parameter space of the LH model itself. For example, one can obtain the
one-loop contribution to the parameters of the standard Higgs potential,
V = −µ2HH† + λ(HH†)2; (1.1)
where µ2 and λ denote the well known Higgs mass and Higgs self-couplings
parameters. Then it is possible to set restrictions over the LH parameters
space by imposing the condition µ2 = λv2 , where v is the SM vacuum expec-
tation value (H = (0, v)/
√
2 ). The µ2 sign and value are well known [2,13],
and effectively they are the right ones to produce the electroweak symmetry
breaking, giving a Higgs mass m2H = 2µ
2 . However, the full expression for
the radiative corrections to λ has not been analyzed in detail so far. In
principle both µ2 and λ receive contributions from fermion, gauge boson
and scalar loops, besides others that could come from the ultraviolet comple-
tion of the LH model. We have previously computed the contributions to the
Higgs effective potential in the LH model coming from the fermion sector and
the gauge boson sector [14, 15]. On the other hand, several relations for the
threshold corrections to the λ parameter in the presence of a 10 TeV cut-
off, depending on the UV-completion of the theory, have been reported (see,
for example [17]). Besides, we have computed the effective potential for the
doublet Higgs and the triplet φ [16], coming from the fermionic and gauge
boson one-loop contributions and from the higher order effective operators
needed for the ultraviolet completion of the model.
In [14] and [15] we computed and analyzed the fermion contributions to
the low energy Higgs effective potential together with the effects of virtual
heavy and electroweak gauge bosons present in the LH model. We have illus-
trated in these works the kind of constraints on the possible values of the LH
parameters that can be set by requiring the complete LH effective potential
to reproduce exactly the SM potential. The radiative corrections to λ , at
the one-loop level, had not been previously computed. The computation of λ
is important for several reasons: First, it must be positive, for the low energy
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effective action to make sense. In addition, from the effective potential (1.1),
one gets the simple formula m2H = 2λv
2 or, equivalently, µ2 = λv2 , where v
is set by the experiment (for instance from the muon lifetime) to be v ≃ 245
GeV. In our phenomenological discussion in [14, 15] we have shown that the
one-loop effective potential of the LH model cannot reproduce the SM po-
tential with a low enough Higgs mass, m2H = 2λv
2 = 2µ2 , in agrement with
the present experimental constraints.
In order to solve this problem we computed in [16] the effective potential
for the doublet Higgs and the triplet φ ; coming from the fermionic and
gauge boson one-loop contributions and also from the higher order effective
operators, as defined in [12]. The relevant terms of this effective potential
can be read as,
Veff(H, φ) = −µ2fgHH† + λfg(HH†)2
+λφ2f
2tr(φφ†) + iλH2φf(Hφ
†HT −H∗φH†) , (1.2)
where µ2fg > 0 and λfg > 0 .
With this potential we studied the regions of the LH parameter space
giving rise to the SM electroweak symmetry breaking. Although radiative
corrections from fermion and gauge boson loops were discussed in [14, 15],
the radiative contributions to λφ2 and λH2φ have not been computed so
far. New constraints over the LH parameter space emerge once we impose
the new relation between coefficients of the effective Higgs potential namely;
v2 = µ2fg/λfg − λ2H2φ/λφ2 . In particular, the lowest value found for the µ
parameter was 390 GeV [16], which implied a Higgs boson mass of about
mH ≃ 550 GeV, still not compatible with the present experimental con-
straints.
On the other hand it is well known that the radiative corrections coming
from the Higgs itself and the φ fields could also provide relevant contributions
to the effective potential. Thus the main goal of the present work is to
check wether these corrections could really reduce the Higgs mass to solve
the above mentioned problem, making the LH model compatible with the
present phenomenology.
This work is organized as follows: In Section 2 we briefly explain the LH
model. A summary on the SSB and the mass eigenstates is presented in
Section 3. We set the notation in the two aforementioned sections. Section
4 is devoted to the computation of the radiative corrections contributions
to the Higgs mass and quartic coupling coming from the scalar sector loops.
In Section 5 we analyze the constraints that our computation establishes on
the LH parameters and, finally, in Section 6 we present the conclusions. The
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expressions of the coefficients of the effective potential (1.2) coming from the
radiative corrections and the effective operators are listed in the Appendix.
2 The model
The LH model is based on the assumption that there is a physical system
with a global SU(5) symmetry that is spontaneously broken to a SO(5)
symmetry at a high scale Λ through a vacuum expectation value (v.e.v) of
order f . Thus, 14 Goldstone bosons (GB) are obtained as a consequence
of this breaking. In this work we will consider two different versions of the
LH model. In the first one the SU(5) subgroup [SU(2)×U(1)]2 is gauged.
We refer to this version as Model I. In the second one the gauge group is
[SU(2)2 × U(1)] (Model II ) [14, 15]. In both cases some of the GB acquire
masses through radiative corrections coming from the gauge bosons and the
t , b and T fermions loops.
The starting Lagrangian of the LH model is given by [2, 12, 13]:
L = LΣ + LY K (2.1)
where LΣ is the Non Linear Sigma Model (NLSM) lagrangian:
LΣ =
f 2
8
tr[(DµΣ)(D
µΣ)†] ; (2.2)
and LY K the Yukawa couplings for fermions and scalars:
LY K = −λ1
2
fuRǫmnǫijkΣimΣjnχLk − λ2fURUL + h.c. . (2.3)
In the above Lagrangians Σ is the GB matrix given by:
Σ = e2iΠ/fΣ0 (2.4)
where Σ0 can be chosen to be:
Σ0 =

 0 0 10 1 0
1 0 0

 , (2.5)
with 1 being the 2×2 unit matrix, and the Π matrix can be parameterized
as:
Π =


0 −i√
2
H† φ†
i√
2
H 0 −i√
2
H∗
φ i√
2
HT 0

 , (2.6)
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whereH = (H0, H+) is the SM Higgs doublet and φ is the triplet given by:
φ =
(
φ0 1√
2
φ+
1√
2
φ+ φ++
)
. (2.7)
The covariant derivative Dµ is defined as:
Model I
DµΣ = ∂µΣ− i
2∑
k=1
gkW
a
k (Q
a
kΣ+ ΣQ
aT
k )− i
2∑
k=1
g′kBk(YkΣ + ΣY
T
k )
Model II
DµΣ = ∂µΣ− i
2∑
k=1
gkW
a
k (Q
a
kΣ+ ΣQ
aT
k )− ig′B(Y Σ + ΣY T ) , (2.8)
where g and g′ are the gauge couplings, W ak (a = 1, 2, 3) and Bk , B are
the SU(2) and U(1) gauge fields respectively, Qa1ij = σ
a
ij/2 for i, j = 1, 2
and zero otherwise, Qa2ij = σ
a∗
i−3,j−3/2 for i, j = 4, 5 and zero other-
wise, Y1 = diag(−3,−3, 2, 2, 2)/10 , Y2 = diag(−2,−2,−2, 3, 3)/10 and
Y = diag(−1,−1, 0, 1, 1)/2 . The Yukawa Lagrangian in (2.3) describes the
interactions between GB and fermions, more exactly, the third generations
of quarks plus the extra T quark appearing in the LH model. The indices
in LY K are defined such that m,n = 4, 5 , i, j = 1, 2, 3 , and
uR = c tR + s TR ,
UR = −s tR + c TR, (2.9)
with:
c = cos θ =
λ2√
λ21 + λ
2
2
,
s = sin θ =
λ1√
λ21 + λ
2
2
, (2.10)
and
χL =

 ub
U


L
=

 tb
T


L
. (2.11)
In addition to the above terms it is needed to add to the LH Lagrangian
the Yang-Mills terms corresponding to the various gauge fields, and also
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the gauge fixing and Faddeev-Popov terms. Some of the gauge fields get
massive at the tree level through the Higgs mechanism associated to the
SU(5)/SO(5) symmetry breaking. By using the Landau gauge, which is
the most appropriate for the kind of computations we are presenting here
(see [15] for further details), the quadratic part of the complete gauge boson
Lagrangian can be written as:
LΩ =
1
2
Ωµ((+M2Ω)gµν − ∂µ∂ν + 2I˜ gµν)Ων , (2.12)
where Ω stands for any of the gauge bosons,
Model I Ωµ = (W ′µa,W µa, B′µ, Bµ),
Model II Ωµ = (W ′µa,W µa, Bµ) , (2.13)
being the mass matrix eigenstates,
Model I MΩ = (MW ′13×3, 03×3,MB′ , 0),
Model II MΩ = (MW ′13×3, 03×3, 0) , (2.14)
with MW ′ = f
√
g21 + g
2
2/2 and MB′ = f
√
g
′2
1 + g
′2
2 /
√
20 . The gauge boson
mass eigenstates are defined such as:
W a = cψW
a
1 + sψW
a
2 ,
W
′a = sψW
a
1 − cψW a2 , (2.15)
where
sψ = sinψ =
g1√
g21 + g
2
2
,
cψ = cosψ =
g2√
g21 + g
2
2
, (2.16)
and
B = c′ψB1 + s
′
ψB2,
B′ = s′ψB1 − c′ψB2, (2.17)
with
s′ψ = sinψ
′ =
g′1√
g′ 21 + g′
2
2
,
c′ψ = cosψ
′ =
g′2√
g′ 21 + g′
2
2
. (2.18)
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I˜ is the interaction matrix between the gauge bosons and the H and φ
scalars which can be found in our previous works [15, 16].
By adding the appropriate kinetic terms, the complete Lagrangian for the
quarks becomes:
Lχ = χR(i∂/−M + Iˆ)χL + h.c. , (2.19)
where
χR =

 tb
T


R
,
M =diag (0, 0, mT ) with mT = f
√
λ21 + λ
2
2 and Iˆ is the scalar-quark in-
teraction matrix. The elements of this matrix can be found in [14, 16].
For more details about the model, including Feynman rules and also some
phenomenological results see for example [12].
3 Effective operators
It is well known that the effective Higgs potential receive also contributions
from additional operators coming from the ultraviolet completion of the LH
model. Obviously these operators must be consistent with the symmetries
of the LH model [2, 12, 18]. At the lowest order they can be parameterized
by two unknown coefficients a and a′ ∼ O(1) . The form of these effective
operators is, for the fermion sector [12]:
Of = −a′ 1
4
λ21f
4ǫwxǫyzǫ
ijkǫkmnΣiwΣjxΣ
∗myΣ∗nz , (3.1)
where i, j, k,m, n run over 1,2,3 and w, x, y, z run over 4,5 and for the gauge
sector we have for Model I :
Ogb =
1
2
af 4
{
g2j
3∑
a=1
Tr
[
(QajΣ)(Q
a
jΣ)
∗]+ g′2j Tr [(YjΣ)(YjΣ)∗]
}
, (3.2)
with j = 1, 2 and Qaj and Yj being the generators of the SU(2)j and U(1)j
groups, respectively. In the case of Model II :
Ogb =
1
2
cf 4
{
g2j
3∑
a=1
Tr
[
(QajΣ)(Q
a
jΣ)
∗]+ g′2Tr [(Y Σ)(Y Σ)∗]
}
, (3.3)
where j = 1, 2 and Y is the generator of the unique U(1) group.
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By expanding the GB field matrix Σ in these effective operators, we
obtain their different contributions to the coefficients of the effective potential
(1.2). The results are presented in the Appendix.
The complete result for the coefficients of the Higgs potential is given by
the sum of the contributions coming from the effective operators, as given
above, and the radiative contributions coming from all sectors of the model,
as will be discussed in the following.
4 SSB and mass eigenstates
In the LH model the electroweak symmetry breaking is triggered, in principle,
by the Higgs potential generated by one-loop radiative corrections, including
both, fermion and gauge boson loops, and the effective operators introduced
in the previous section. Obviously, this potential is invariant under the elec-
troweak gauge group SU(2) × U(1) and also should have the correct form
to break this symmetry spontaneously to U(1)em . The relevant terms for
this work are given in (1.2). Quartic terms involving φ4 and H2φ2 are not
included since they give subleading contributions to the Higgs mass. These
parameters were computed in our previous works [14–16] and are given in
the Appendix for completeness.
The scalar potential, as given in (1.2), reaches its minimum at:
〈HH†〉 = v2/2 and 〈φφ†〉 = v′2 with:
v2 =
µ2fg
λfg − λ2H2φ/λφ2
, v′2 =
λH2φ√
2λφ2
v2
f
. (4.1)
Note that both, the doublet and triplet scalars, get a v.e.v., v and v′ respec-
tively. A standard choice for the components of these fields at the vacuum
is:
H+ = 0, H0 =
v√
2
, φ0 = −v′, φ+ = φ++ = 0. (4.2)
Then H and φ can be parameterized as:
H = (w+,
1√
2
(v + h+ iw0)) and φ =
(
−v′ + 1√
2
(ξ + iρ) 1√
2
φ+
1√
2
φ+ φ++
)
.(4.3)
Obviously the new fields describe fluctuations around the vacuum and the
potential written in terms of them can be split in four sectors, namely, the
scalar, the pseudoscalar, the charged and the doubly charged. For the first
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three sectors we find that the new fields are not mass eigenstates. By diago-
nalizing the corresponding mass matrices we obtain the mass eigenstates in
each case. I.e., for the scalar sector:
h = c0H + s0Φ0, m2H ≡ m2fg = 2µ2fg,
ξ = c0Φ0 − s0H, m2Φ0 = M2φ + 2m2, (4.4)
the pseudoscalar sector:
w0 = cPG
0 + sPΦ
P , m2G0 = 0,
ρ = cPΦ
P − sPG0, m2ΦP = M2φ + 2m2, (4.5)
and the charged sector:
w+ = c+G
+ + s+Φ
+, m2G+ = 0,
φ+ = c+Φ
+ + s+G
+, m2Φ+ =M
2
φ +m
2, (4.6)
with M2φ = λφ2f
2 , m2 = v2λ2H2φ/λφ2 . The doubly charged sector remains
unchanged with a mass Mφ .
Where the notation introduced for the mass eigenstates is the following:
H and Φ0 are neutral scalars, ΦP is a neutral pseudoscalar, Φ+ and Φ++
are the charged and doubly charged scalars, and G+ and G0 are the would-
be Goldstone bosons corresponding to the SM W and Z .
In terms of the mass eigenstates the leading order in the O(v2/f 2) ex-
pansion of the potential is given by:
Veff =
1
2
m2fgH2 +
1
2
m2Φ0Φ
2
0 +
1
2
m2ΦpΦ
P 2
+ m2Φ+Φ
+Φ− + vλfgH3 + vλfgG02H + 2vλfgG+G−H
+
λfg
4
H4 + λfg
2
H2G02 + λfgH2G+G−
− λH2φ√
2
fH2Φ0 −
√
2λH2φfHG0ΦP − λH2φf(HG−Φ+ +HG+Φ−) + ...
(4.7)
5 Goldstone boson sector contributions
The objective of this section is the computation of the radiative contributions
to the Higgs mass and the Higgs quartic coupling coming from the GB sector.
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The relevant Lagrangian is given by:
LGB =
1
2
(∂µΠ)(∂
µΠ) +
1
f 2
((∂µΠ)(∂
µΠ)ΠΠ + Π(∂µΠ)Π(∂
µΠ))− Veff .
(5.1)
In order to calculate the radiative contributions we write this Lagrangian
in terms of the mass eigenstates and we split the Higgs field as H = H + H˜
where H is the vacuum field and H˜ describes the field fluctuations around
this point. Then the first two terms of the Lagrangian above become:
LKin =
1
2
(
1 + 2
H2
f 2
)
(∂µH˜)(∂µH˜) + 1
2
(
1 +
H2
2f 2
)
(∂µΦ0)(∂
µΦ0)
+
1
2
(
1 +
H2
2f 2
)
(∂µG
0)(∂µG0) +
1
2
(
1 +
H2
2f 2
)
(∂µΦ
P )(∂µΦP )
+
(
1 +
H2
4f 2
)
(∂µΦ
+)(∂µΦ−) +
(
1 +
H2
2f 2
)
(∂µG
+)(∂µG−)
+ (∂µΦ
++)(∂µΦ−−). (5.2)
Obviously, all the kinetic terms in this formula, but the last one, are not
properly normalized. Therefore we write the fields in terms of a new set of
properly normalized fields up to order 1/f 2 as:
Υ =
(
1− H
2
4f 2
)
Υ′ with Υ(
′) = G0(
′), G±(
′),Φ
(′)
0 ,Φ
P (′),(5.3)
H˜ =
(
1− H
2
f 2
)
H′, (5.4)
Φ± =
(
1− H
2
8f 2
)
Φ±
′
, (5.5)
so that the Lagrangian is just:
LKin =
1
2
∂µH′∂µH′ + 1
2
∂µΦ
′
0∂
µΦ′0 +
1
2
∂µG
0′∂µG0
′
+
1
2
∂µΦ
P ′∂µΦP
′
+ ∂µG
+′∂µG−
′
+ ∂µΦ
+′∂µΦ−
′
+ ∂µΦ
++∂µΦ−−, (5.6)
Then, the effective potential Veff is given by:
Veff =
1
2
m2fgH
2
+
λfg
4
H4 + V sseff + V pseff + V cseff + ... (5.7)
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where
V sseff =
1
2
m2Φ0Φ
′2
0 +
1
2
m2fgH
′2 +
3
2
λfgH2H′2 − λφ
2
4
H2Φ′20
−
√
2λH2φfHH′Φ′0 −
λH2φ√
2
fH2′Φ′0, (5.8)
V pseff =
1
2
m2ΦpΦ
P
′2
+
λfg
2
H2G0′2 − λφ2
4
H2ΦP ′2
−
√
2λH2φfHG0′ΦP ′, (5.9)
V cseff = m
2
Φ+Φ
′+Φ
′− + λfgH2G′+G′− − λφ2
4
H2Φ′+Φ′−
− λH2φfH(G′−Φ′+ +G′+Φ′−), (5.10)
Observe that the third terms in (5.8), (5.9) and (5.10) describe the new
interactions which come from the new normalization of the fields and the
fact that the triplet boson mass is O(f 2) . These interactions play a decisive
role to cancel the quadratic divergences that come from the GB loops.
Finally, we can see that the split into different scalar sectors is maintained
after diagonalization and normalization. This fact is important in order
to simplify the computation of the radiative contributions coming from the
GB. Thus we can deal with each scalar sector in an independent way being
the computations in all cases similar. We illustrate this by computing the
(H′,Φ′0 ) contribution and then we apply the same method to the other
scalars.
5.1 Scalar sector contribution
The Lagrangian for the scalar sector (H′,Φ′0 ) is given by:
Lss(H,H′,Φ′0) =
1
2
∂µH′∂µH′ + 1
2
∂µΦ
′
0∂
µΦ′0 − V sseff
=
1
2
∂µH′∂µH′ + 1
2
∂µΦ
′
0∂
µΦ′0 −
1
2
m2fgH
′2 − 1
2
m2Φ0Φ
′2
0
− 3
2
λfgH2H′2 + λφ
2
4
H2Φ′20 +
√
2fλH2φHH′Φ′0 +
λH2φ√
2
H2Φ′0.
(5.11)
The effective action for the H is:
eiSeff [H] =
∫
[dH′][dΦ′0]ei
R
dxLss, (5.12)
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From the (5.11) we observe that the integration can be computed in two
steps: First we concentrate on the Φ′0 field and then we integrate the H′
field. After integrating Φ′0 we get the H effective action:
Ssseff [H,H′] = −
i
2
Tr log
[
1 +GΦ0
λφ2
2
H2
]
− f 2λ2H2φ
∫
dxdyH2H′xGΦ0xyH′y −
λ2H2φ
4
f 2
∫
dxdyGΦ0xyH
4
δyx
= − i
2
∞∑
k=1
(−1)k+1
k
Tr
(
GΦ0
λφ2
2
H2
)k
+ I˜2 + I˜4 , (5.13)
where the Φ′0 propagator is given by:
GΦ0(x, y) =
∫
dk˜eik(x−y)
1
k2 −m2Φ0
, (5.14)
here k˜ ≡ d4k/(2π)4 , and
I˜2 = −f 2λ2H2φ
∫
dxdyH2H′xGΦ0xyH′y , (5.15)
I˜4 = −
λ2H2φ
4
f 2
∫
dxdyH4δxyGΦ0xy . (5.16)
Observe that we have obtained three terms. The first and the third ones
are H′ independent and they will give the Φ′0 radiative contributions to the
Higgs mass and the quartic coupling.
Now integrating out H′ we find its contribution to the H effective action:
Sss[H] = − i
2
Tr log
[
1 +GH′(−3λfgH2 + 2I˜2)
]
=
i
2
∞∑
k=1
(−1)k+1
k
Tr
(
GH(3λfgH2 − 2I˜2)
)
+ ... , (5.17)
where GH′ is the H′ propagator,
GH′(x, y) =
∫
dk˜eik(x−y)
1
k2 −m2fg
. (5.18)
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Finally, by taking into account (5.13) and (5.17), we obtain the H effec-
tive action which reads:
Sss[H] = − i
2
∞∑
k=1
(−1)k+1
k
Tr
(
GΦ0
λφ2
2
H2
)k
+
i
2
∞∑
k=1
(−1)k+1
k
Tr(GH′(3λfgH2 + I˜2))k + I˜4.
(5.19)
In order to obtain the scalar contribution to the Higgs mass we only
need to consider the k = 1 term in the expansion (5.19). The generic loop
diagrams are shown in Fig. 1. Then, for k = 1 ,
S(1)ss[H] = − i
2
λφ2
∫
dxdy(GΦ0xyH2δyx) +
i
2
∫
dxdyGH′xy(3λfgH2δyx + I˜2δyx)
= − i
4
λφ2
∫
dxH2I0(m2Φ0) +
3
2
iλfg
∫
dxH2I0(m2fg)
+iλ2H2φf
2
∫
dxH2I3(m2Φ0 , m2fg) , (5.20)
with
I0(M
2) ≡
∫
dk˜
i
(k2 −M2) =
1
(4π)2
[
Λ2 −M2 log
(
1 +
Λ2
M2
)]
, (5.21)
I3(M
2
a ,M
2
b ) ≡
∫
dp˜
i
(p2 −M2a )(p2 −M2b )
= − 1
(4π)2
1
M2a −M2b
[
M2a log
(
1 +
Λ2
M2a
)
−M2b log
(
1 +
Λ2
M2b
)]
.
(5.22)
For the quartic coupling Higgs correction coming from I˜4 we have:
I˜4 =
λ2H2φ
4λφ2
∫
dxH4 + ... (5.23)
where we have expanded the Φ′0 propagator in powers of k
2/m2Φ′
0
and kept
just the first term.
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ΓL, ΓH
H H
ΓL
ΓH
H H
(a)
H H
H H
(b)
Figure 1: (a) Scalar sector loops contributing to the Higgs mass. ΓL =
H′, G0′ or G±′ and ΓH = Φ′0,ΦP or Φ±′ . (b) Contribution to the Higgs
quartic coupling from the Φ′0 propagator.
5.2 Pseudoscalar sector and charged sector contributions
The computation of the contributions from the pseudoscalar and charged
sectors is similar to the previous ones with only one difference, i.e.: these
sectors do not give a contribution to the Higgs quartic coupling. They just
contribute to the Higgs mass. Then the results for the pseudoscalar sector
are:
S(1)ps[H] = − i
4
λφ2
∫
dxH2I0(m2Φp) +
1
2
iλfg
∫
dxH2I0(0)
+ iλ2H2φf
2
∫
dxH2I3(m2Φp, 0). (5.24)
and for the charged sector:
S(1)cs[H] = − i
4
λφ2
∫
dxH2I0(m2Φ+) + iλfg
∫
dxH2I0(0)
+ iλ2H2φf
2
∫
dxH2I3(m2Φ+ , 0). (5.25)
Notice the there is no contribution coming from the doubly charged scalar
sector.
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5.3 Analytical results
Now by adding (5.20), (5.24), (5.25) we obtain the total radiative corrections
to the Higgs mass from the GB sector up to order O(v2/f 2) which reads:
∆m2GB =
3
(4π)2
{(
−λφ2
4
+ λfg
)
Λ2 +
(
λφ2
4
+
λ2H2φ
λφ2
)
M2φ log
(
1 +
Λ2
M2φ
)
−1
2
λfgm
2
fg log
(
1 +
Λ2
m2fg
)}
, (5.26)
where, in order to simplify the computations, we have considered the heavy
scalar fields as degenerate since m2/M2φ is of the order of O(v2/f 2) (see
eq. (4.6)).
The coefficients of the Higgs potential λfg, λφ2 and λ
2
H2φ appearing in
eq. (5.26) receive contributions from both the radiative corrections and the
effective operators (see Appendix). Since the contributions to λfg and λφ2
contain terms of the order of Λ2 , divergencies O(Λ4) and O(Λ2) emerge
from the first term in (5.26). However, these divergencies cancel due to the
relationship between λφ2 and λfg , namely:
λΛ
2
fg =
1
4
λΛ
2
φ2 ,
λEOfg =
1
4
λEOφ2 , (5.27)
where the index Λ2 refers to the quadratically divergent terms and EO rep-
resents the part of these coefficients coming from the effective operators. This
fact occurs in the fermionic and gauge boson sectors, where the quadratic
divergences coming from light and heavy modes of the same statistics can-
cel [2]. Then the corrections summarized in ∆m2GB (eq. 5.26) are at most
of the order O(Λ2 log(Λ2/M2)) . It is important to stress that the above
cancellations occur exactly only in Model I (as you can easily check from
the results given in the Appendix). However, in Model II (where only the
SU(2)× SU(2)× U(1) is gauged), there are O(Λ2) terms coming from the
U(1) sector which do not cancel. However, such terms appear always with
a squared gauge coupling g′ factor which is very small ( g′2/g2 ∼ 0.3 in the
SM) and then their contribution is not expected to be too large.
Finally, from (5.23), the radiative correction to the quartic coupling is:
I˜4 =
1
4
∆λGB
∫
dxH4 ,
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being
∆λGB =
λ2H2φ
λφ2
. (5.28)
In summary, taking into account (5.23) and (5.26), the Higgs boson po-
tential can be written as:
V =
1
2
m2HH
2
+
1
4
λHH
4
, (5.29)
where the Higgs mass is given by,
m2H = 2(µ
2
fg −∆m2GB), (5.30)
and the quartic Higgs couplings is,
λH = λfg −
λ2H2φ
λφ2
. (5.31)
It is important to note that we have obtained the GB contributions af-
ter having broken the SM symmetry through the fermion and gauge boson
radiative corrections. In this fact we differ from other analysis performed in
the literature (see for example [2, 18]), where these scalar contributions are
computed at the tree level from the effective operators only. Moreover, in
our case, the coefficients of the potential (1.2) do not depend only on the two
unknown coefficients a and a′ , but also on the scale f and the cutoff Λ ,
thus setting more restrictions on the space parameter as we will see in the
following.
6 Numerical Results and Phenomenological Discus-
sion
In this section we continue our study about the allowed region of the param-
eter space of the LH model started in our previous papers [14–16]. In the
present one we complete this phenomenological study, taking into account
also the contributions from the Goldstone boson sector to the Higgs mass and
quartic coupling obtained above. The LH parameters different relationships
and their relevant ranges considered are the following:
First, we impose the minimum condition for the complete effective po-
tential (1.2):
v2 =
µ2fg
λfg − λ2H2φ/λφ2
. (6.1)
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This condition is crucial in order to reproduce the electroweak symmetry
breaking.
If we want to study the allowed region of the parameter space in these
models, we should also take into account other constraints imposed by re-
quiring the consistency of the LH models with the electroweak precision
data. There exist several studies of the corrections to electroweak precision
observables in the Little Higgs models, exploring whether there are regions
of the parameter space in which the model is consistent with the available
data [4,5,7–13]. InModel I with a gauge group SU(2)×SU(2)×U(1)×U(1)
we have a multiplet of heavy SU(2) gauge bosons and a heavy U(1) gauge
boson. The last one leads to large electroweak corrections and some problems
with the direct observational bounds on the Z ′ boson from Tevatron [7, 8].
Then, a very strong bound on the symmetry breaking scale f , f > 4 TeV
at 95% C.L, is found [7]. However, it is known that this bound is lowered
to 1 − 2 TeV for some region of the parameter space [8] by gauging only
SU(2)× SU(2)× U(1) (Model II ). For this reason, in the following we will
concentrate only on this model.
On the other hand, in order to avoid small values for the W ′ mass and
a very strong coupling constant, we set the range of the ψ mixing angle (for
the SU(2) group) to be 0.1 < cψ < 0.9 [15]. In addition, the condition
λT >∼ 0.5 is established from the top mass [12], setting the bounds on the
couplings λ1, λ2 ≥ mt/v or λ1λ2 ≥ 2(mt/v)2 . In order to avoid a large fine-
tuning in the Higgs potential [2, 13] we set the condition mT <∼ 2.5 TeV.
Then, since mT grows linearly with f , f should be less than about one
TeV [14]. Following the restrictions on the parameters given in [15], we take
0.8 TeV < f < 1 TeV. Finally the usual condition Λ <∼ 4πf is also imposed.
By using the constraints on the LH parameters given above, taking into
account also that the Higgs mass is experimentally restricted to the range
114 GeV < mH < 200 GeV, and by imposing the minimum condition (6.1),
we analyze the available regions for the remaining LH parameters. To do
that we include the contributions of both radiative corrections and effective
operators. In fact, in order to see the role played for each of them, we
consider three different cases: having just radiative corrections (RC), just
effective operators (EO) and the most general case including both of them
(RC+EO).
In Fig. 2 we show the allowed regions of the parameter space for the three
different cases analyzed; RC (red region), EO (blue region) and RC+EO
(green region). In Fig. 2.a we show the possible solutions to the LH model
in the (Λ, cψ, λT ) space varying f between 0.8 TeV and 1 TeV and by
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Figure 2: (a) Values of λT , Λ and cψ which are possible solutions for
the LH model. Here f vary between 0.8 and 1 TeV, and a and a′ are
O(1) . The three separate surfaces correspond with the three different cases
analyzed in this section. (b) Values of a and a′ which are possible solutions
for the LH model. The λT , Λ , cψ and f ranges are described in the text.
assuming that the a and a′ parameters are of the order of O(1) . From these
results there are two important issues to remark. First, when only radiative
corrections are included we do not find any solution for the LH model if
Λ > 6 TeV. Unfortunately, precision electroweak data rule out new strong
interactions at scales below about 10 TeV. On the contrary, in the other two
cases, RC+EO and EO, the possible values for the cut-off are larger. This
fact implies also that the mass of the φ fields must be about 2 TeV when the
model includes only radiative corrections unlike in the other two cases where
it is about 5 TeV (see Fig. 3). In Fig. 2.b we show the possible values for
the unknown a and a′ parameters. Here, the other parameters have been
varied in the ranges set above. The two cases considered are RC+EO and EO
only. We find that the set of possible solutions include in both cases positive
values for a . In the RC+EO case we obtain large and negative values for
a′ , whereas in the EO case a′ takes small and positive values. Notice also
that a is always positive. This is important since it is known that a < 0
leads to a large v.e.v for the scalar triplet.
The reason for the differences of the parameter solutions for the three
cases come from the ∆m2GB cutoff dependence when the radiative contri-
butions are included. For example, in the case where only the radiative
corrections are taken into account, a cut-off Λ bigger than 6 TeV produces
GB contributions resulting in a negative Higgs mass. However, by dropping
the value of Λ we get a LH parameter space where the condition (6.1) is
18
satisfied and the Higgs mass is well inside the experimental constraints. In
the RC+EO case, the a′ parameter can take values which help to compen-
sate the big effect of the GB radiative contributions (see also Fig. 4) thus
allowing larger cutoff values.
 1.15
 1.2
 1.25
 1.3
 1.35
 1.4
 1.45
 1.5
 1.55
 0.5  0.52  0.54  0.56  0.58  0.6  0.62  0.64  0.66  0.68  0.7
m
T
λT
RC
RC+EO
EO
 0.8
 1
 1.2
 1.4
 1.6
 1.8
 2
 2.2
 0.1  0.15  0.2  0.25  0.3  0.35  0.4  0.45
M
W
’
cos ψ
RC
RC+EO
EO
λT
cos ψ
 1.5
 2
 2.5
 3
 3.5
 4
 4.5
 5
 5.5
Mφ
RC
RC+EO
EO
 0.5 0.52
 0.54 0.56
 0.58 0.6
 0.62 0.64
 0.66 0.68
 0.15
 0.2
 0.25
 0.3
 0.35
 0.4
Figure 3: (a) mT as a function of λT , (b) MW ′ as a function of cosψ
and (c) Mφ as a function of λT and cosψ , where the Λ , f , a and a
′
parameters vary between ranges described in the text.
For completeness, Fig. 3 shows the mass values for the heavy particles
in the three different cases analyzed. Each point of the figures is a possible
solution of the LH model. In this way, these regions represent the possible
values for the masses of the heavy particles predicted by the LH model, which
are compatible with electroweak symmetry breaking and precision data. The
region of possible values for the masses coming from EO contributions is
clearly larger than in the case of considering RC alone. Notice that the
theoretical lower bounds in the heavy states masses, Mφ,MW ′ >∼ 1 TeV, and
the condition mT <∼ 2.5 TeV are fulfilled.
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Figure 4: These figures show the average and standard deviation of both
the fermionic and gauge boson contribution µfg and the Goldstone boson
contribution ∆mGB to the Higgs mass as a function of λT . (a) RC case,
(b) RC+EO case and (c) EO case.
To complete our study, we compare the contributions to the Higgs mass
coming from the different sectors i.e. fermionic and gauge bosons (µfg ) and
on the other hand the GB contribution (∆mGB ), as a function of λT . We
show the average and standard deviation for each contribution (Fig. 4). In
all physical cases it can be seen that µfg > ∆mGB , thus yielding a real value
for the Higgs mass (eq. 5.30). It is also remarkable the higher variability
of ∆mGB compared with µfg . The reason is that both the parameters
appearing in the radiative corrections, i.e. f,Λ, λT , cosφ , and the two EO
parameters a and a′ , play an important role in the final results of ∆mGB
(see the discussion above).
Finally, as an example, we give in the Table.1 the lowest Higgs mass
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values found for the three cases considered in this work.
Parameters RC RC+EO EO
mH 156.66 GeV 114.69 GeV 116.94 GeV
µfg 359.54 GeV 236.87 GeV 288.70 GeV
∆Gb 342.04 GeV 222.55 GeV 275.53 GeV
λH 0.97 0.90 1.42
f 0.86 TeV 0.96 TeV 0.82 TeV
Λ 5 TeV 11.64 TeV 10.01 TeV
λT 0.6 0.61 0.53
cψ 0.18 0.16 0.3
a 0 0.98 1.06
a′ 0 −1.25 0.5
Table 1: The lowest values for the Higgs mass found for the three cases: RC,
RC+EO and EO.
7 Conclusion
In this work we have completed our program of computing the relevant con-
tributions to the Higgs low-energy effective potential in the context of the
Littlest Higgs models based on the SU(5)/SO(5) coset. To the radiative
corrections coming from the fermions and the gauge bosons considered so
far, we have added here the effect the scalar loops and also the effective
operators emerging from the ultraviolet completion of the model.
In particular we have computed in detail the main contributions to the
Higgs mass and its quartic coupling. From our previous works, in which only
fermionic and gauge boson radiative corrections were included, it was clear
that the effect of the scalar sector could be decisive in order to have the
appropriate cancellations between the different sectors of the model to give a
Higgs mass within the present experimental limits. We have performed our
analytical computations for two different versions of the model called Model
I and Model II having as gauge groups [SU(2)×U(1)]2 and SU(2)2×U(1)
respectively.
In order to complete our analysis, we have concentrated on studying those
regions of the parameter space where the model could give rise to an accept-
able phenomenology. In particular we have done a detailed numerical search
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for Model II since Model I seems to be incompatible with the present exper-
imental data [7, 8]. We have analyzed three cases: 1) radiative corrections
only (RC), 2) radiative corrections and effective operators (RC+EO) and
3) effective operator only (EO). From this analysis we get that this model
is compatible with the expected Higgs mass provided that the contribution
of the effective operators is included. We also conclude that the Goldstone
boson contributions are fundamental to obtain a low enough Higgs particle
mass. For example a Higgs mass mH ≃ 115GeV can be obtained when
radiative and effective operator contributions are both taken into account.
Summarizing, we have arrived to the conclusion that the SU(5)/S(5)
Littlest Higgs model with gauge group [SU(2) × U(1)]2 is phenomenologi-
cally viable through some tuning in the parameter space, assuming a careful
inclusion of fermions, gauge bosons, scalar loops and effective operators.
In any case it will be the LHC, whose main goal is to disentangle the
mechanism of the electroweak symmetry breaking, which will decide if Lit-
tlest Higgs models are appropriate for describing mechanism or not.
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Appendix
a. Coefficients coming from loops computation
Model I
µ2fg = µ
2
f + µ
2
g
= Nc
m2Tλ
2
t
4π2
log
(
1 +
Λ2
m2T
)
− 3
64π2
[
3g2M2W ′ log
(
1 +
Λ2
M2W ′
)
+ g
′2M2B′ log
(
1 +
Λ2
M2B′
)]
λf =
Nc
(4π)2
[
2(λ2t + λ
2
T )
Λ2
f 2
− log
(
1 +
Λ2
m2T
)(
−2m
2
T
f 2
(
5
3
λ2t + λ
2
T
)
+ 4λ4t + 4(λ
2
T + λ
2
t )
2
)
− 4λ2T
1
1 +
m2
T
Λ2
(
m2T
f 2
− 2λ2t − λ2T
)
− 4λ4t log
(
Λ2
m2
)]
− 3
(16πf)2
[
−
(
g2
c2ψs
2
ψ
+
g
′2
c
′2
ψ s
′2
ψ
)
Λ2
+ g2M2W ′ log
(
1 +
Λ2
M2W ′
)(
4 +
1
c2ψs
2
ψ
+ 2g
′2
(c2ψs
′2
ψ + s
2
ψc
′2
ψ )
2
c2ψs
2
ψc
′2
ψ s
′2
ψ
f 2
M2W ′ −M2B′
)
+ g
′2M2B′ log
(
1 +
Λ2
M2B′
)(
4
3
+
1
c
′2
ψ s
′2
ψ
+ 2g2
(c2ψs
′2
ψ + s
2
ψc
′2
ψ )
2
c2ψs
2
ψc
′2
ψ s
′2
ψ
f 2
M2B′ −M2W ′
)
+ f 2 log
(
1 +
Λ2
M2W ′
)(
3g4 + 2(3g2 + g
′2)g2
(s2ψ − c2ψ)2
c2ψs
2
ψ
)
+ f 2 log
(
1 +
Λ2
M2B′
)(
g
′4 + 2(g2 + g
′2)g
′2
(s
′2
ψ − c
′2
ψ )
2
c
′2
ψ s
′2
ψ
)
+ f 2 log
(
Λ2
m2
)(
3g4 + g
′4 + 8g2g
′2
)
− 3f 2 g
4
1− M2W ′
Λ2
− f 2 g
′4
1− M2B′
Λ2
]
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λφ2f =
8Nc
(4πf)2
(λ2t + λ
2
T )
(
Λ2 −m2T log
(
Λ2
m2T
+ 1
))
+
3
4(4πf)2
[
g2
c2ψs
2
ψ
Λ2 − g2M2W ′ log
(
Λ2
M2W ′
+ 1
)(
(s2ψ − c2ψ)2
c2ψs
2
ψ
− 4
)
+
g
′2
c2ψ′s
2
ψ′
Λ2 − g′2M2B′ log
(
Λ2
M2B′
+ 1
)
(s2ψ′ − c2ψ′)2
c2ψ′s
2
ψ′
]
λH2φ = − 4Nc
(4πf)2
[
(λ2t + λ
2
T )Λ
2 − λ2Tm2T log
(
Λ2
m2T
+ 1
)]
+
3
8(4πf)2
[
g2
s2ψ − c2ψ
c2ψs
2
ψ
(
Λ2 −M2W ′ log
(
Λ2
M2W ′
+ 1
))
+ g
′2
s2ψ′ − c2ψ′
c2ψ′s
2
ψ′
(
Λ2 −M2B′ log
(
Λ2
M2B′
+ 1
))]
,
Model II
µ2fg = µ
2
f + µ
2
g
= Nc
m2Tλ
2
t
4π2
log
(
1 +
Λ2
m2T
)
− 3
64π2
(
3g2M2W ′ log
(
1 +
Λ2
M2W ′
)
+ g
′2Λ2
)
λfg =
Nc
(4π)2
[
2(λ2t + λ
2
T )
Λ2
f 2
− log
(
1 +
Λ2
m2T
)(
−2m
2
T
f 2
(
5
3
λ2t + λ
2
T
)
+ 4λ4t + 4(λ
2
T + λ
2
t )
2
)
− 4λ2T
1
1 +
m2
T
Λ2
(
m2T
f 2
− 2λ2t − λ2T
)
− 4λ4t log
(
Λ2
m2
)]
− 3
(16πf)2
[
− g
2
c2ψs
2
ψ
Λ2 +
4
3
g′2Λ2 + g2M2W ′ log
(
Λ2
M2W ′
+ 1
)(
4 +
1
c2ψs
2
ψ
)
+ f 2 log
(
1 +
Λ2
M2W ′
)(
3g4 + 2(3g2 + g′2)g2
(s2ψ − c2ψ)2
s2ψc
2
ψ
)
+ f 2 log
(
Λ2
m2
)
(3g4 + g′4 + 8g2g′2)− 3f 2 g
4
1− M2W ′
Λ2
]
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λφ2 =
8Nc
(4πf)2
(λ2t + λ
2
T )
(
Λ2 −m2T log
(
Λ2
m2T
+ 1
))
+
3
64π2f 2
[
g2
c2ψs
2
ψ
Λ2 − g2M2W ′ log
(
Λ2
M2W ′
+ 1
)(
(s2ψ − c2φ)2
c2ψs
2
ψ
− 4
)]
+
3g
′2
(4πf)2
Λ2
λH2φ = − 4Nc
(4πf)2
[
(λ2t + λ
2
T )Λ
2 − λ2Tm2T log
(
Λ2
m2T
+ 1
)]
+
3g2
8(4fπ)2
s2ψ − c2ψ
c2ψs
2
ψ
(
Λ2 −M2W ′ log
(
Λ2
M2W ′
+ 1
))
,
b. Coefficients coming from effective operators
Modelo I
λEOfg =
a
8
(
g2
s2ψc
2
ψ
+
g
′2
s
′2
ψ c
′2
ψ
)
+ 2a′(λ2t + λ
2
T )
λφ2
EO =
a
2
(
g2
s2ψc
2
ψ
+
g
′2
s
′2
ψ c
′2
ψ
)
+ 8a′(λ2t + λ
2
T )
λH2φ
EO =
a
4
(
g2
c2ψ − s2ψ
s2ψc
2
ψ
+ g
′2
c
′2
ψ − s
′2
ψ
s
′2
ψ c
′2
ψ
)
+ 4a′(λ2t + λ
2
T )
Modelo II
λEOfg =
a
8
(
g2
s2ψc
2
ψ
)
− a
3
g
′2 + 2a′(λ2t + λ
2
T )
λφ2
EO =
a
2
(
g2
s2ψc
2
ψ
)
+ 4ag
′2 + 8a′(λ2t + λ
2
T )
λH2φ
EO =
a
4
g2
c2ψ − s2ψ
s2ψc
2
ψ
+ 4a′(λ2t + λ
2
T )
µ2EO = af 2g
′2
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